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1. Introduction 



The aim of this paper is to derive long time a priori estimate for some initial-boundary 
value problem for a system of the Navier-Stokes equations coupled with the heat equa- 
tion. We assume the slip boundary conditions for the Navier-Stokes equations and the 
Neumann condition for the heat equations. We examine the problem in a straight finite 
cylinder. To obtain the estimate we follow the ideas from [5, 7, 8] and the considered 
solution remains close to a two-dimensional solution. The estimate is the first and the 
most important step to prove the existence of solutions to the problem (see (1.1)) by the 
Leray-Schauder fixed point theorem (see the next paper of the authors [6]). 
We consider the following problem 



where by x = (xi,X2,xs) we denote the Cartesian coordinates, O C I 3 is a cylin- 
drical type domain parallel to the axis X3 with arbitrary cross section, S = <90, v = 
(vi(x,t),V2(x,t),V3(x,t)) G 1R 3 is the velocity of the fluid motion, p = p{x,t) G 1R 1 the 
pressure, 9 = 6{x,t) G R+ the temperature, / = (fi(x, t), f2(x, £), fz{x, t)) G M 3 the 
external force field, n is the unit outward normal vector to the boundary S, f a , a = 1, 2, 
are tangent vectors to S and the dot denotes the scalar product in R 3 . We define the 
stress tensor by 



where v is the constant viscosity coefficient, i" is the unit matrix and D(v) is the dilatation 
tensor of the form 



Finally x is a positive heat conductivity coefficient. 

We assume that S = S\VJ S2, where 5i is the part of the boundary which is parallel to 
the axis X3 and £2 is perpendicular to £3. Hence 



v it + v- Vv-divT(v,p) = a(6)f in O T = Ox(0,T), 



div v = in fi T , 

9 tt + v- V0-xA0 = O in fi T , 



(1.1) 



n-D(v)-f a = 0, a = 1,2 on S T = S x (0, T), 




T(v,p) = vD(v) - pi, 



D(v) = {v^ Xj +V jtXi }i tj=lt2 ,3- 



Si = {x G M 3 : ^o(^i) £2) = c 



b < x 3 < b} 



and 



S 2 = {xeR 3 : 



(po(xi,x 2 ) < c*, X3 is equal either to — b or 6}, 
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where 6, c* are positive given numbers and <fo(xi,X2) describes a sufficiently smooth 
closed curve in the plane x% = const. We can assume f\ = (Tn,ri2,0), 72 = (0,0,1) 
and n = (ri2, — th, 0) on Si. Assume that a G C 2 (1R) and fi T satisfies the weak /-horn 
condition, where / = (2,2, 1) (see [2, Ch. 2, Sect. 8]). 

Moreover we assume that T is not axially symmetric. Now we formulate the main 
result of this paper. Let g = f )X3 , h = i>, X3 , q = p jX3 , ■& = 6 tXs , \ = (rotv) 3 , / = (rot/) 3 . 
Assume that 11^(0)11^^(0) < 00. Define 

a : [0,oo) ->■ [0,oo), a(x) = sup{|a(y)| + \a'(y)\ : \y\ < x} 

and 

(1.1') a(6(x)) < c u 

where c\ = a(||0(O) Hl^S!))- The inequality (1.1') is justified in view of Lemma 2.3, 
Remark 2.4 and properties of function a(x). Moreover assume that |<cr<oo, |<£>< 
00, - — - < 1 and for t < T 

1- ci||^|| L2 (o,t ; L 6/5 (n)) +cico||/||i, 00 (o,t;L3(n)) 

+ Ci||F||£, 2 (o it ;i, 6/B (n)) + c lll/3||L 2 (0,t;L 4/3 (S 2 )) 

+ HM0)|U 2( n) + IW)IU 2 (n) + ||x(0)|U a( n) H- V(co) 
+ c o( c ill/llL2(o,t;L 6/5 (n)) + l|v(0)IU 2 (n)) < h < 00, 

2- ||/|U a (o,*;£ 3 (n)) < k 2 < 00, 

3- ||/IU 2 (n*) + ||v(0)||hi(£i) < k 3 < 00, 

4- cill/ll^^tje^fei + cill^lU^n*) + ||0(O)|| w 2- 2 /„ (n) 
+ \\K Q )\\ w ^/"(n) < k 4 < 00, 

5- Ci||5r|| L2( o,t ; L 6/5 (f2)) + Ci||/ 3 |U 2 (0,t;L 4/ 3(S 2 )) 

+ IIMO)IU a (n) + IW)|U a(n) <d<oo 

6- Cl + ||/|U e( n*) + ll^(0)|| 

W 2_2/e (fi) + ll^( O )Hw e 2 - 2/0 (n) - ^ 5 < 00 ' 

where Co is a constant from Lemma 2.2, and ^0 is an increasing function from Lemma 
3.3 and k±, . . . , ks are given constants. 

Main Theorem. For every fixed T, conditions 1-6 with constants ki — k 5 , c , c\ there 
exist a sufficiently small d and a constant B = B(ki, . . . , k$, Co, ci) < 00 such that for 
any strong solution v,p,6 to problem (1.1) we have 

(I- 2 ) IMIwf ^n*) + l|Vp|U e (n*) + PWw^in*) ^ B > 

(1-3) \\h\\ w y m + l|Vg|U ff( n*) + IMIw^n*) < B - 

t < T. 

The result is necessary to prove a long time existence of regular solutions to (1.1) in [6]. 
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2. Preliminaries 



In this section we introduce notation and basic estimates for weak solutions to prob- 
lem (1.1). 

2.1. Notation 

We use isotropic and anisotropic Lebesgue spaces: L P (Q), Q G {0 T , S T , 0, S}, p G 
[1, oo]; L q (0, T; L P (Q)), Q G {O, S}, p, q G [1, oo]; 
Sobolev spaces 

WZ' a/2 (Q T ), Qg{0,S}, ge[l,oo], sgNU{0} 

with the norm 



\ U Ww°' s/2 (Q T ) 



J \D*d?u\ q dxdt 



\a\+2a<SQ T 



1/9 



where D% = d^dgd^, \a\ = ai + a 2 + a 3 , a, a z G N U {0}. 
In the case q = 2 

H S (Q) = Wj{Q), H^ 2 (Q T ) = W°> s/2 (Q T ), Q G {O, S}. 

Moreover, L 2 (Q) = H°(Q), L P (Q) = Wg(Q), L P (Q T ) = W°>°(Q T ). 

We define a space natural for study weak solutions to the Navier-Stokes and parabolic 
equations 

T 1/2 

^( fiT ) = | w: ll«llv 3 fc (nr) =esssup t6[0)T] ||w|| jfffc(n) + (^J \\Vuf Hk{n) d?j < ooj. 



2.2. Weak solutions 

By a weak solution to problem (1.1) we mean v G V 2 (O T ), 9 G V 2 °(Q T ) fl Loo(fi T ) 
satisfying the integral identities 

J v ■ (p jt dxdt + J v ■ Vv ■ (pdxdt + — J D(y) ■ D{ip)dxdt 
= J a(6)f ■ ipdxdt + J v(0)<p(0)dx, 
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J 9ip jt dxdt + J v ■ VO^dxdt + x J V6> • Vtpdxdt 
J #(0)^(0)da 



(2 2) ' V iV n ' 



n 

which hold for ip, ip G W^' 1 ^) n L 5 (0 T ) such that v?(T) = 0, ip(T) = 0, divy? = 0, 
(/? • n\s = 0. 

Lemma 2.1. ('tie Korn inequality, see [10]) Assume that 
(2.3) E n (v) = \\D(v)\\l 2(n) < oo, v-n\ s = 0, diw = 0. 

If O is not axially symmetric there exists a constant c\ such that 
(2-4) \\vf HH n) < ciE Q (v). 

If O is axially symmetric, rj = (—X2, xi, 0), a = JqV • rjdx, then there exists a constant 
C2 such that 

(2-5) \\v\\ 2 Hl{Q) <c 2 (E Q (v) + \a\ 2 ). 

Let us consider the problem 

h tt -divT(h,q) = f in fi T , 

divh = in fi T , 

(2.5') n-h = 0, n-D(h)-f a = 0, a = 1,2, on Sf, 

/ii = 0, i = l,2, h 3jX3 =0 on 
i|t=o = fo(0) i n ^ 

Lemma 2.2. Let / G L p (0 T ), h(0) G W p 2 " 2/p (0), S 1 G C 2 , q < p < oo. Then there 
exists a solution to problem (2.5') such that h G W^' 1 ^ 71 ), Vq G L p {Vt T ) and there 
exists a constant c depending on S and p such that 

W h \\w?\siT) + ll V ?IU P (n T ) < C (II/IU P (^) 
(2 ' 6/) +ll^(0)|| Wpa -Vp (n) ). 

The proof is similar to the proof from [1] . 

Lemma 2.3. Assume that v(0) G L 2 (0), 9(0) G L^Q), f G L 2 (0, T; L 6/5 (0)), T < oo. 
Assume that O is not axially symmetric. Assume that there exist constants 6*, 6* such 
that 0* < 6* and 6>* < 6 (x) < 6*, x G O. 
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Then there exists a weak solution to problem (1.1) such that (v,0) G V§(VL T ) x V§(VL T ), 
9 G L oo (0 T ) and 

(2.6) 9*<9{x,t)<9*, (x,t)ett T , 

( 2 -7) IMv^nn < c(a{\\9o\\ Loo(Q) )\\f\\ L2( o,T-L 6/5 (Q)) + ||volU 3 (n)) < c , 

( 2 - 8 ) ll^llv 2 °(n T ) < c||6» ||L 2 (fi) < cq. 

Proof. Estimate (2.6) follows from standard considerations (see [5, Lemmas 3.1, 3.2]). 

Estimates (2.7), (2.8) follow formally from (1.1) 1,3 by multiplying them by v and 9, 

respectively, integrating over O and (0, t), t G (0, T), employing (2.6), (1.1)2 and using 

the boundary and initial conditions (1.1)4,5,6,7- 

Existence can be shown in the same way as in [3, Ch. 3, Sect. 1-5]. 

This concludes the proof. □ 

Remark 2.4. If 9(0) > 0, then 9(t) > for t > 0. 

2.3. Auxiliary problems 

To prove the existence of global regular solutions we distinguish the quantities 

(2-9) h = V )X3 , q=p, X3 , 9 = f, X3 , $ = Q,x 3 - 

Differentiating (1.1)1,2,4,5 with respect to x 3 and using [1, 2] yields 

h t - div T(h, q) = -v ■ Vh - h ■ Vv + a e $f + ag in fi T , 

divh = in fi T , 

(2.10) n-h = 0, n-D(h)-f a = 0, a = 1,2 on Sf , 

hi = 0, i = l, 2, h 3jX3 =0 on S% , 

h\t=o = h(0) in O. 

Let q and f% be given, Then w = V3 is a solution to the problem 

w it + v ■ Viu — vAw = — q + a(9)fs in fi T , 



n-Vw = on ST , 

(2 - 11} n <F 

w = on i 2 , 

w\ t= o = w(0) in O. 
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Let F = (rot 7)3, h,v,w be given. Then x = (rot?;) 3 is a solution to the problem (see 
[8]) 



(2.12) 



X,t + v ■ Vx - h 3 x + h 2 w iXl - h!W :X2 - vAx 

= Mo,xj2-e, X2 f l ) + aF in n T , 

X = '•;("/. . , vi 7 + T U , Xj nj) + v ■ f 1 (r 12 , Xl - T 11>Xa ) 
= X* on Sf, 

X,x 3 =0 on S2, 

x\t=o = x(0) in O, 

where the summation convention over repeated indices is assumed. 
Differentiating (1.1)3^7 with respect to X3 yields 

)t + u-W + /i-V0-xA# = O in fi T , 

n-V?? = on ST, 

(2-13) ' 

= on Si, 

?9| t=0 = ?9(0) in O. 

Lemma 2.5. Assume that -D(h) G L 2 (0), h • n|s = 0, div/i = 0. Then h satisfies the 
inequality 

(2-14) \\h\\ m{n) <c\\D(h)\\ L2m . 
where c is a constant independent of h. 

Proof. To show (2.14) we examine the expression 

J \D(h)\ 2 dx = J (h itXj + h jjXi ) 2 dx = J {2h\ x . + 2h itXi h jtXi )dx, 

where the second expression implies 

f f f f 

I faj/i rp . faj q y . / ( fa/1 T ■ fal 1 ) T • dX / faj 7 iy . rp . fa/ q dX / TZ7 fajf -T* - fas n dS 

I Jl^t I V J / ,0-7, I 'l^l^-J J I J 

Q Q Q S1US2 

= - J //,. , ,/',/' //.S' 1 + J nih i)Xj hjdS 2 = - J ni^ Xji hihjdS\. 

Si S2 Si 

From the above considerations we have 

(2.15) l|Vh||| 2(n) < cj \D(h)\ 2 dx + c\\h\\ 2 L2iSi) . 
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By the trace theorem 

(2-16) l|Vfc||l a(n) <c(||C(fc)||l a(n) + ||fc||l a(n) ). 

From [9] we have that 

(2-17) \\h\\ La(a) <S\\Vh\\ L2W + M\\D(h)\\ L2{Q)l 

where 5 can be chosen sufficiently small and M = M{8) is some constant. From (2.15)- 
-(2.17) we have 



(2-18) l|Vfc||i a(n) <c||U(fc)||i s 



From (2.18) and (2.17) we obtain (2.14). This concludes the proof. □ 
Let us consider the elliptic problem 

V2, Xl - v 1:X2 =x in fid 2 , 
(2.22) v hXl + v 2)X2 = -h 3 in Oc M 2 , 

v ■ n = on <9fi. 

where x 3 is treated as a parameter. 

Lemma 2.6. Assume that x, /i 3 G L 2 (0). Then u G i/ 1 (0) and 

(2-23) IMIffi(n) < c(||xlU 2 (n) + HMmo))- 

Assume that x, /i 3 G Then u G -£f 2 (fi) and 

(2-24) l|v||H3 ( n) < c(||x||Hi(n) + HMff 1 ^))- 

Proof. To solve problem (2.22) we introduce the potential (p,ip such that 

(2.25) «-.=^+^, 

Using representation (2.25) we see that (2.22) 3 takes the form 

(2.26) n ■ Wip + f • VV> = on 5, 
where n _L TS 1 , f G TS. 

The potential </? and ip are determined up to an arbitrary constant. Moreover, to deter- 
mine the potential we split boundary condition (3.26) into two boundary conditions 

n ■ Vip\s = 

(2.27) 

r ■ V^|s = ^ = 0. 
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Having v = (v±, v 2 ) given we calculate ip and tp from the problems 



= v ljXl + v 2 , X2 in Q, 
n-Vip\ s = 0, 

(2.28) 

/ (pdx = 
h 

and 

(2.29) ^ = ^ ~ ^ 

Ms = 0. 

In view of (2.28), (2.29) problem (2.22) takes the form 

AV> = X V>ls = o, 
( 2 - 30 ) A<p = -h 3 n-V</?| s = 0, J pdx = 

Solving problems (2.30) we have the estimates 

(231) IMIff*(n) <c||xlU 3 (n), 

IMlH 2 (fi) < c||/i 3 ||L 2 (n)- 

Hence in view of (2.25) we get (2.23). 

For more regular x and /13 we have also the estimates 



IMI// 3 (fi) < c ll ^-3 1| J^i (S^) • 

Then (2.25) implies (2.24). This concludes the proof. □ 
Now we formulate the result on local existence of solutions to problem (1.1) with 
regularity allowed by the regularity of data formulated in the Main Theorem. The aim of 
the result is such that derived in this paper estimates are not only a priori type estimates. 

Lemma 2.7. Let the assumptions of the Main Theorem hold. 

Then for any A > there exists £* > and (v, 9, p) -solution to problem (1.1) such that 

v e W^iQ**), 9 e W^iQ 1 *), Vp e L e (fiH h e wy(Q u ), Vq e L a (Q t *) and 



v llwf ^n*.) + PWw^in**) + l|Vp|U (n*.) < A. 
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Consider the problem 



u t — is Au = 



u\ s = <fi 



u\ t =o = 



Lemma 2.8. (see [4]) Let ip G L q (0,T; L p (S)), p,q G [l,oo] then u G L q (0, T; L p (Q)) 



3. Estimates 

Lemma 3.1. Let the assumptions of Lemma 2.3 be satisfied. Moreover assume that 



f G L 2 (0,T;L 3 (Q)), f 3 G L 3 (0, T; L % (S 2 )), g G L 2 (0, T; L 6/5 (fi)), ft(0) G L 2 (0), tf(0) G 



L 2 (0), Vu G L 2 (0,T;L 3 (Q)), W G L 2 (0, T; L 3 (Q)). Assume that solutions to (2.10), 
(2.13) are sufficiently regular. Let c\ = a( || 6*o || ) - 

Let h G (0, T; £3(0)), then solutions of (2.10), (2.13) satisfy the inequality 



\\h\\v°(^) + \W\\v°(Clt) < cex P( cc lll/ll! 2 (0,t;L 3 (n))) 

(3.1) • [cl\\h\\ 2 Loo{0 j. Lz{n)) + Ci||^||i 2 ( ,t;L 6/B (n)) + c ill/3||| 2 (o,t;L 4/3 (S2)) 
+ \H0)\\l 2{ n) + \\ml 2i n)l t<T. 

Let, additionally v,6 G L 2 (0, T; W 3 (Q)), then for solutions of (2.10), (2.13) we have 

IWIv° ( n*) + ll#llv°(n*) < cexp[c(||Vu||i 2(0>t 

(3.2) +l|V^||l 2( o, t;L 3(n))+c?||/||l 2( o,t ; L 3 (0)))] 

• [ci\\9\\l 2 (0,t;L 6/5m +C?||/ 3 ||l 2 (0,t ; L 4 (5 2 )) + II || | 2 (fi) + |W) ||| 2 ( n) ] 



Proof. Multiplying (2.10) by ft, integrating over O, and using Lemma 2.5 yields 



and 



|M|L 9 (0,T;L p (fi)) < c\\(p\\ Lq ( 0: T;L p (S))- 

Let ip G wj'*(S T ) then u G W 2 ' 1/2 (0 T ) and 

IMIw 2 ' 1/2 (n T ) - c IMIw 2 1/2 ' 1/4 (s T )- 



t < T. 



ld_ 
2~dt 



INi 2 (n)+HNlri(n)<c / l^-Vv^ + c / |o^/h|ci: 



(3.3) 



+ c / (ag/ildx + c / la/3 
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where the first term on the r.h.s. we estimate by 

£i||^lli 6( n) + c(l/ei)||V.;||| 2(fi) ||/.||| 3(n) , 

the second by 

^||/ i |l! 6(fi) +c(l/e 2 )a 2 (||^o||L oo( n))||^|l! 6/5 (a), 

the third by 

e3||fc||i 8 ( n ) + c(l/e3)a 2 (||flo|U 00 (n))||^||i e/B(n ) 

and the fourth by 

e4hf HH n) +c(l/e 4 )a 2 (\\6o\\L x (n))\\f3\\L4(s 2 y 
Assuming that €1,62, £3, £4 are sufficiently small we obtain 

j t W h Wlw + "IWIW) ^ c (ll v Hli 2 (n)ll^lll 3 (o) 
+ c 2 (ii^ii! 2(n) ii/ii! 3(fi) + iMii 6/B(n) + ll/3lll 4( 5 2 )))- 



Multiplying (2.13) by ■& and integrating over O yields 

1 d 



9 J« a (n) + *rei ( n)<c/ |fc-VW|da 
(3.5) ^ 



<e||tf||i a(n ) + c(l/e)||fc||i 8(n) ||V6l||i a(n) . 
For sufficiently small £ we have 

(3-6) ^IMlL a ( n ) + ^llffi( n )<c||fc||i, (n )||Vtf||i a(n) . 

Adding (3.4) and (3.6), integrating with respect to time and using (2.7) and (2.8) we 
obtain (3.1). 

We can replace inequalities (3.4) and (3.6) by 



(3.7) 



and 



|ll^lli 2 (n) + HI^II^(n)< c (ll^lll3( fi )ll^lli 2 (n) 

+ c?(||*||i a(n) ||/||£, (n) + IMI£ 6/B(n) + ll/3lli,(5 2) )) 



(3.8) iMLw + ^W^M^^^^IIiswIl^llLw- 
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Adding (3.7) and (3.8), integrating the sum with respect to time yields (3.2). This ends 
the proof. □ 
To obtain an estimate for solutions to problem (2.12) we introduce a function % : O x 
[0, T] — > R as a solution to the problem 



(3.9) 



X,t - v£±x = in fi T , 

X = X* on Si, 

X, X3 =0 on S2, 

x\t=o = in O. 



Then the function 

(3.10) X' = X~X 
satisfies 

X[t + V ' V x' - h 3 x' + h 2 w^ Xl - h!W, X3 - vAx 
= ote(9, Xl f2-9, Xa f 1 ) + aF-v'7x + h3X in 

(3.11) x' = on 
X[ X3 = on S 2 T , 
x'|t=o = x(0) in fi- 

Lemma 3.2. Let the assumptions of Lemma 2.3 be satisfied. Moreover assume that 
hj e Loo(0,T; L^(Q)), F e L 2 (0, T; L 6/5 (Q)), v' = (v u v 2 ) G Loo(0,T; H^+^Q)) n 
Wl ,1/2 (Q, T ), x(0) e L 2 (0), £ > is arbitrary small. 

Assume that solutions to (1.1) are sufficiently regular. Then for solutions to (2.12) we 

have 

(3.12) 

||xlly 2 o(fit) < c^cg sup \\h\\l 3{Q) + cl c\ sup 

„2|i j7>||2 1 „2_2||„./i|2 



2 

L 3 (H) 



+ c lll i? llL 2 (0,t;L 6/5 (n)) + c £ 7ll^ 11^(0,^1(0)) 
+ ll t ' / |lL oo (0,t;Hi/2+ e(fi)) + IKII W i.V2 (nt) + ||x(0)||| 2 (n) 
1 

£ 7 y 



+ l c o c2 ( £ ) + SU P Mlm )( a2 (ll^llL oo( n*))||/||| 2 (o,t;L 6/5 (n ) ) + lhll£ 3(n) )), 



t < T. 



Proof. Multiplying (3.11) 1 by x' 1 integrating over O, using boundary conditions (3.11) 2 ,3, 
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(1.1)5 and (1.1)2, we obtain 

ld_ 

2dt 



llx / ll! 2 (o) + H|Vx'||l 2(0) = I h 3X ' 2 dx 

(3.13) - J (h 2 w ;Xl - h!W }X2 )x'dx + J ao(0, Xl f 2 - O^J^x'dx 

+ J aFx'dx - J v ■ Vxx'dx + J h 3 xx'dx. 

Now we estimate the terms on the r.h.s. of the above equality. Let x' = (xi,^). The 
first term we estimate by 



h 3 x' 2 dx 



n 



& 1 



the second by 
the third by 



£ 2||x'||! 6( n) + —\\h\\L 3 (a)\\ w ,x'\\L a (n)i 

c2 



^3 



where we used (1.1'). The fourth by 
where we used also (1.1'). 

To estimate the fifth term on the r.h.s. of (3.13) we integrate it by parts and use (1.1)2,5. 
Then it takes the form 

I = J v ■ Vxxdx. 
ft 

Hence 

|/| < e 5 \\V X '\\l 2{Q) + 7-||v||i 6 (n)||xlli 3 (n)- 
Finally, the last term on the r.h.s. of (3.13) is bounded by 

^2 2 

Using the above estimates in (3.13), assuming that e±, . . . , are sufficiently small, inte- 
grating the result with respect to time and using (2.7)-(2.8) we obtain 

llx / ||^ ( nt)<c(sup||/ i ||| 3(n) ||x / ||| 2(0 , t 



t 

(3.14) + eg sup ||/i||i 3(0) + cfegsup ||/||| 3(0) + cfll^Hl^o^.^^^^, 



00(0,4^3(0)) + sup||/i||| 3(n) ||x|l! 2 (0,t;L 2 (n)) + llx(o)|ii a(n) ). 
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In view of (2.7) we have ||xlU 2 (n*) < cc . 

Using (3.10) and this fact we obtain from (3.14) the inequality 



llxll vo(nt) < c(c sup \\h\\ La{n) + Cl c sup ||/|| L3(n) 
(3.15) +cf||F||| 

2 (o,t;L 6/B (n)) + ^IWlLfo^LsIsi)) + sup IWIi 3 (fi)llxlli 2 (fi*) 
+ llxll^(n.) + llx(0)||i 2( n ) ). 

Since x is a solution of (3.9) and x* is described by (2.12) 2 we have the estimates by 

Lemma 2.8, 

(3.16) 



\m')\\l^)dt' < c J \W(t>)\\l 2{s) dt< <cj \\v'(t')\\l 1{Q) dt' 



< c(a 2 (\\eo\\ Loo{ n))\\f\\l 2{ o,t;L 6/5 (n)) + Nll£ 2 (n)), 

L oo (0,t;L 3 (n)) < c\\v'\\ Laoi0tt . L3( s)) < £7\\v'\\ Lao (0,t;m(n)) + C (~) H V ' IUoo(0,t;L 2 (n)) » 



t 

\\x\\ 2 v o {at) < c[\\x\\l M ^m + / llx(OllHi ( n)^ 



^ c ll v/ |lL oo (0,t;jyV2+e(n)) + c ll t ' / |l^/ 2 1 . 1 / 2 (n t )' £ > °- 

Employing (3.16) in (3.15) yields (3.12). This concludes the proof. □ 
Let us consider the problem 

v 2 , Xl ~ vi,x 2 =X hi fi', 

(3.17) vi tXl + V2, X2 = ~h 3 in fl' , 

v'-n=0 on S', 

where fl' = fl fl {plane X3 = const G (—a, a)}, S' = S fl {plane £3 = const G (—a, a)}, 
#3, t are treated as parameters, n' = (77-1,712). 

Lemma 3.3. Let tie assumptions of Lemmas 2.3, 3.1, 3.2 be satisfied. Assume that 
(v,p,6) is a weak solution to problem (1.1). Assume that 

Cl\\9\\L 2 (0,t;L 6/5 (Q)) + ClC ||/||L oo (0,t;L 3 (fi)) + c l ||-F|U 2 (0,t;L 6/5 (fi)) 
, +Cl||/3||L 2 (0,t;L 4 (S 2) ) + ||fc(0)||L a( n) + IW) || L a (0) + llx(O) || L 2 (fi) 

(3.18) 3 

+ Co(ci||/||L 2 (0,t;L 6/5 (n)) + IK0)|U 2 (fi)) < fel < OO, 

||/IU 3 (o,t;L 3 (n)) < k 2 < 00, 
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t <T. Then the following inequality 



(3-19) ||u'|lv 3 i(n*) < ^^oINlL^t^fi)) + ^(co)fc?) + \W \\L 2 {n-m/^o,t))\ 
holds, where v' = (i>i,i>2), t <T and ip is an increasing positive function. 

Proof. Assuming that £7 is sufficiently small in view of (3.1), (3.12) and Lemma 2.6 we 
obtain for solutions to problem (3.17) the inequality (see [9]) 

lKll! 10 (fi T) < c\\v'\\ 2 v , [ilt) < c[e cc ' k Hcl\\h\\l^ {0!t . L3m + ii(c )ki) 
(3 ' 20 ^ +II7/II 2 + II7/II 2 1 

+ W V 11^(0,^1/2 + ^)) + \\V ll w l,l/2 (nt) J, 

where e is arbitrary small number. 
By interpolation inequalities 

ll v 'lll loo (0,t;ff 1 /2+«(fi)) ^ e l\\ v '\\L ac (0,t-m(n)) +c(l/£l)||f / ||L oo (0,t;L 2 (fi)) 5 

and 

ll u/ |lw 2 1,1/3 (n*) = W v 'h 2 (o,t-m(n)) + \\v'\\ La (n;W/»(o,t))> 

where 

\\v'\\ L2 (o,t;m(n)) < cfei. 

Then we obtain (3.19) from (3.20) for sufficiently small E\. This concludes the proof. □ 
Let us consider problem (1.1)1,2,4,5,7 in the form 

i;, t - div T(v, p) = -v' ■ Vv -wh + ct(6)f in fi T , 

div v = in fi T , 

(3-21) ' 
v • n = 0, n ■ D(v ) ■ r a = 0, a = 1,2, on S , 

u|t=o = in ^- 

where v' • V = fi<9 Xl + V2d X2 . 

Lemma 3.4. Assume that 6>) is a weak solution to problem (1.1). Let the assump- 
tions of Lemma 3.3 be satisfied. Let 



./||2 



U 2 (nt) + lbo||ifi(fi) < fc 3 < 00 
= ll^llLoo(0,t;L 3 (n)) + ll^llx.10 < 00 » 

"3" 

t < T. Then there exists a constant C2 = C2(co,ci) such that for solutions to problem 

(3.21) the inequality 

(3.22) IMIw^n*) + ll v ^IU 2 (fi*) < c 2 e cc " k2 HH + l + h + k 3 ) 2 + ck 3 , t < T, 
holds. 

Proof is the same as the proof of Lemma 3.3 in [7]. 
Finally, we obtain an estimate for h. 
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Lemma 3.5. Let the assumptions of Lemma 3.4 be satisfied. Let 
(3.23) 

ci H/Hwn^e^fci +ci||^|U a( n t ) + ||0(O)|| W 2- 2 /„ (nt) + ||/i(0)|| W 2-i/. (n) < fc 4 < oo, 

Cl||^|U 2 (0,t;L a/B (n)) +Cl||/ 3 |U 2 (0,t;L4(S 2 )) + ||M°)IU 2 («) + ||tf(0)|| L2 (fi) < d < oo, 

w/ 2_2/e (fi) + H^(°)llw c 2_2/e (n) - ^ 5 < 00 ' 
for t <T. Then for d sufficiently small there exists a constant A such that 

(3-24) \\h\\ w y (nt) + \\Vq\\ L<rm <A, jj<a, t<T, 

5 

(3.25) HVplU^nt) + |b|| w 2,i (nt) + ||^|| w 2,i (nt) < v?(A) + ck 5 , -<q, t<T, 
where tp is some positive increasing function. 

Proof. In view of Lemma 2.2 for solutions to problem (2.10) we have 

IWIw^n*) + < c (ll^ ' V/i|U CT (fit) 

(3.26) + \\h ■ Vv|| LCT (n*) + \\a e 'df\\ L<T ^t ) + \\ag\\ LlT ^t) 

+ \\h(0)\\ w 2-2/„ in) ). 

In view of the imbedding 

(3-27) IMUi„(n*) + ||Vu|| L ^(nt) < c\\v\\ w 2,i {Qty 

and inequality (3.22) we estimate the first term on the r.h.s. of (3.26) by 

\\v\\L 10 (nt)(ei\\h\\ w 2,i {nt) + c( — J ||/i|U 2 (n*)) 



and the second by 



|Vv|U^(n*)(e2||fr|lwa.i(£it) + c (i~) I^IU^n*))- 



In view of (2.6) and (1.1') the third and the fourth terms on the r.h.s. of (3.26) can be 
estimated by 

cciCII/IUoo^lltflU^n*) + IMU CT (fi*)) = i". 
We use (3.1) with notation (3.18). Then we obtain 

I < cci(||/|| Loo(fi t ) e cc ? fe '(A ;i + c \\h\\ Looi0jt . L3{Q)) ) + |M| M n*))- 
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We will use also the interpolation 



L x (0,t;L 3 (Q)) < £2\\h\\ w 2,i (Qt) + c(l/s 3 ) \\h\\ L 2 (fit) . 

Employing the above estimates in (3.26), assuming that £i,£2,£3 are sufficiently small 
and using (3.22) we obtain 

W h W w y(nt) + ll v 9lU CT (n*) < (p(H)\\h\\ L3( n t) 

(3.28) 

+ cc 1 (||/|| I/oo(n t ) e cc i fe ^ 1 + I^IU^n*)) + c\\h(0)\\ w 2- v , (ny 
where <p is an increasing positive function depending on H and on constants 

Co,Ci,fci,...,fc 5 . 

Using notation (3.23) 1 we have 

(3-29) WHw^^) + l|Vg|| M n*) ^ vWWHl^) + ck 4 . 

We want to estimate ||/i||z, 2 (f2*) by applying (3.2). For this purpose we need to estimate 
II V^||x, 2 (o,t ; L 3 (f2))- Hence we consider problem (1.1)3 6, 7 an d we are looking for solutions 
of this problem such that 9 G W^ffi) with so large g that 

(3-30) \\^0\\ L2i o, t -L 3{ n))<c\\9\\ w 2, 1{Qty 

We see that (3.30) holds for g > §. 
Considering problem (1.1)3^,7 we have 

(3-31) WWw^n*) < c \\v- V(9|U e(n *) + \\9(0)\\ W ^/ S(Q) )- 

The first term on the r.h.s. we estimate by 

IMIwntjIlVflHL^nt) =/i, 

where 1/Ai + 1/A 2 = 1, gAi = 10. 
Using the interpolation inequality 

l|V#|| LeA2(n t) < e4||^|| W 3.i(nt) + c (~) II^IU 2 (n*) 
which holds for f- < 1 so for -f- < 1. Hence 

Q Q*2 QM 

h < ||u|U 10 (n*)( e 4|^|| w a.i(n*) + c(^||0|U 2 (n*)). 
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Using the estimate in (3.31), assuming that £ 4 is sufficiently small, using (3.27) and 
(3.22), we obtain 

(3-32) \\0\\ w ^ m <(p(H) + c\\e(0)\\ w ^ /B{nTy 

Similarly by [4, Theorem 2.2] 

(3.33) IMIw^ 1 ^*) + \\Vph e (sv) < <p(H) + ci||/|| Le(n T) + c||u(0)|| w 2- 2 / e(n) 

Let us consider (3.29). In view of (3.2) we estimate the norm ||/i||L 2 (n*), where 

l|Vu||L 3 (o,t;L 3 (n)) + l|V0|| L2 (o,t;L 3 (n)) < <f(H) + ck 5 
Then (3.29) takes the form 

(3.34) \\h\\ w y(n*) + HVglU^n*) < <p(H)d+ck 4 , 

where ip is an increasing positive function. 
Let a be such that 

H = \\h\\r( t :L -(n\) + \\h\\ L , n (nt) < C 



L oo (0,t;L 3 (n)) "I" \\n\\ L ^(Qt) ^ c\\n || W 2,i {Qt) , 



which holds for a > |. 
Then (3.34) takes the form 

(3-35) IWIw^tn*) + W^iWla^) < ( P(\\h\\ w ^ 1 (n*)) d + ck * 

Hence for d sufficiently small there exists a constant A such that 

(3-36) \\h\\ w y (nt) + ||V ? || M n*) < A, t<T. 

By (3.36), (3.32) and (3.33) the proof is complete. □ 

Proof of the main Theorem 

Now we want to increase regularity described by (3.25). Assume 10 < g < oo. In 
view of [5, Theorem 2.1] for a solution v to problem (1.1) we have 

IMIw^rn*) + l|Vp|U e (n*) < c(\\v ■ Vv|| L (nt) 

(3.37) e 

+ \\<x(0)f\\L e (Sl*) + H t, o|| W r2-2/ e(n) ). 

We estimate the first term on the r.h.s. of (3.37) by 

(3.38) .. . . ,. . . . ... 
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and the second by 

(3-39) ci||/|| Loo(n *). 

Assuming that e\ is sufficiently small and using (3.37)-(3.39) we obtain 
(3-40) \Hwl>\w) + l|Vp|U e( n*) < Bi, 

where B\ is a constant depending on constants from imbedding theorems and data. 
Similarly by [3, Ch. 4, Sect. 9, Th. 9.1] we obtain 

(3.41) \\e\\ w ^ (Qt) <B 2 . 



Now we want to increase regularity described by (3.24). 

5 
2 



There exist p' > a, p" > I such that 



5 5 , 5 5 

7 <1, tj<1. 

g p q p 

Hence p = max{p',p"} satisfies 

3.42 p>a, p>-, <1. 

2 Q P 

Similarly we can prove that there exists q such that 

5 5 

(3.43) q > a, q>5 and < 2. 

Q q 

Define p, q such that - + k = —,- + k = -. Assume | < a < oo. In view of Theorem 
2.1 for a solution to problem (2.10) we have 

IWIw^n*) + H v ?llL CT (n*) < c(||u • V/ilU^nt) 

(3.44) + \\h ■ Vv|| L(7(n t) + lla^/ll^cn*) + ||«^||L CT (n*) 

+ ||/i(0)|| w 2- 2/CT(n) ). 

By (3.42) and (3.43) we estimate the first term on the r.h.s. of (3.44) by 

^ IMU,(n*)||V/i||L ff (nt) < cp\\ w ^ m (e 2 \\h\\ W 2,i m 

+ c(e 2 )\\h\\ L2(Qt) ) 

the second by 

(3.46) HVvlU^ntjIWlMn*) < c||v|| W 2,i (nt) (e 3 )||fe|| W 2,i (nt) + c(e 3 )||^|| L2(n t)) 
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the third by 

(3-47) c 1 ||/|U oo(fit0 (e4||^||^,i (nt) +c(e4)||^|U 2 (^)) 
the fourth by 

(3-48) ci||0|| L<T (nt). 

In view of [3, Ch. 4, Sect. 9, Th. 9.1] for any solution to problem (2.13) we have 

ll^ll w 2,i (nt) < c(||v V^|| LCT (n*) 

+ \\h-ve\\ LAQt) + \\m\\ w *-y« (Qt) )- 

By (3.42) and (3.43) we estimate the first term on the r.h.s. of (3.49) by 
(3-50) c||u|| w ,2,i (nt) (e 5 ||^|| wr 2,i (nt) + c(£ 5 )||tf|| L2(n t)) 

the second by 

(3-51) c||e|| W 2,i (nt) (e 6 ||^|| w ,2,i (nt) + c(er 6 )||^|U a (n*)). 

We choose r such that | < r < ^ and r < a. By (3.1), the imbedding 

IWU oo (0,t;L 3 (n)) < c \\ h \\w?-\si*) 

and (3.24) there exists a constant B 3 depending on constants from imbedding theorems 
and data such that 

(3.52) NU 2( fi*) + Wn^m < b 3 . 

Assuming that £2 — £6 are sufficiently small and using (3.44)-(3.52) we obtain 
(3-53) \\H w y m + HVglU^nt) + \\n w y m < B 4 , 

where B4 is some constant depending on data. By (3.40), (3.41) and (3.53) the proof is 
finished. □ 
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